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a b s t r a c t
In this paper three different stochastic ensemble generators are assessed based on their
performance in ensemble generation of hourly and 15-min radar-based rainfall ﬁelds. The
simulation methods include a Gaussian copula model, a t-copula-based approach and a nonGaussian v-copula model. In the ﬁrst and second models, two different elliptical copulas are
employed to describe the dependence structures and to simulate multivariate rainfall error
ﬁelds. In the third approach, a non-Gaussian v-transformed copula is applied for multivariate
error simulations. Using this type of copula, one can describe asymmetrical dependencies
through the copula parameters. In all three models, the outputs of the error simulators are used
to perturb radar-based rainfall estimates to obtain an ensemble of precipitation estimates. In
order to examine the reliability and performance of the presented models, several case studies
are performed using radar reﬂectivity data (Level II) and Stage IV NEXRAD multi-sensor
precipitation estimates as input to the models. Various statistical tests are employed to assess
the models. The results indicate that the presented models are rather similar with respect to
the dependence structure. However, using the t-copula model may have signiﬁcant advantages
over the other models, particularly, with respect to extremes. While all the presented models
are able to simulate reasonable rainfall ensembles, the t-copula model seems to be more
promising for practical applications.
© 2010 Elsevier B.V. All rights reserved.

1. Introduction
In recent years, the development of weather radar systems
and the advancements in remote sensing techniques have
provided rainfall data at higher spatial resolutions than was
previously available from ground reference measurements.
Application of remotely sensed rainfall data in hydrological and
meteorological predictions has increased signiﬁcantly in the
past few decades. However, remote sensing data are subject to
different types of errors such as inherent measurement and
retrieval errors, and sampling uncertainty. Radar estimates, in
particular, are associated with several error types that arise
from various factors such as beam over-shooting, partial beam
ﬁlling, instrumental errors and uncertainties, non-uniformity in
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vertical proﬁles of reﬂectivity (VPR), inappropriate Z–R
relationship, spatial sampling pattern, hardware calibration
and random sampling error (Krajewski and Smith, 2002;
Villarini and Krajewski, 2010a; Ciach et al., 2003; Carpenter
and Georgakakos, 2004; Seed and Srikanthan, 1999; Seo, 1998;
Smith et al., 1989; Krajewski and Georgakakos, 1985).
Additionally, the weather condition may also affect radar
rainfall observations (Steiner and Smith, 2000). For example,
rainfall particles which are strongly distributed in one direction
or thermodynamic state may inﬂuence radar estimates (Austin,
1987; Zawadzki, 1984; Battan, 1973).
Along the development of remote sensing techniques,
efforts have been made to quantify/adjust the associated
uncertainties (Seo, 1999; AghaKouchak et al., 2010c; Pegram
and Clothier, 2001; Ciach et al., 2007; AghaKouchak et al.,
2010a). Austin (1987) mentioned that even for a set of high
quality data, differences in the spatio-temporal resolution and
area coverage of radar estimates and gauge measurements
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could be substantial. Similar conclusions have been reported
by Kitchen and Blackall (1992), Anagnostou and Krajewski
(1997), and Ciach and Krajewski (1999). The uncertainty of
precipitation estimates can be described using an ensemble of
rainfall ﬁelds that consists of a large number of realizations,
each of which represents a possible rainfall event. A great deal
of effort has been put into developing stochastic models for
simulation of multivariate rainfall ﬁelds (gauge, radar, and
satellite). Seed and Srikanthan (1999) modeled space-time
radar rainfall data using a multi-fractal (multiplicative
cascade) approach where each level of the multiplicative
cascade was linked in time using a different ARMA(1,1)
model. Clark et al. (2004a) and Clark et al. (2004b) proposed a
non-parametric rainfall simulation approach whereby spatiotemporal variabilities were preserved by reshufﬂing the
simulated ensemble to match the observed space-time
characteristics. Furthermore, a number of parametric models
conditioned on other meteorological quantities have been
introduced to simulate rainfall and other climatological
variables (e.g., Bras and Rodriguez-Iturbe, 1976). One limitation of parametric models is that the number of parameters
grows with increase in the dimension of the model.
One way to obtain an ensemble of precipitation ﬁelds is to
perturb observed rainfall ﬁelds with simulated error ﬁelds
(Germann et al., 2009; Villarini et al., 2009a; AghaKouchak et
al., 2010c). However, simulation of purely random error ﬁelds
for perturbation is not desirable as it is well known that
hydrological and meteorological data are dependent in both
space and time (Seed and Srikanthan, 1999). Copulas can be
used to model the dependencies in simulated random error
ﬁelds (Salvadori et al., 2007). This study aims at assessing
three different copula-based rainfall ensemble generators.
The simulation methods consist of a Gaussian copula model
(hereafter, G-model, AghaKouchak et al. (2010b)), a t-copulabased approach (T-model, AghaKouchak et al. (2010b)) and a
non-Gaussian v-copula model (V-model, AghaKouchak et al.
(2010a)). In the ﬁrst and second models, the Gaussian copula
and t-copula are employed to describe the dependence
structure and to simulate multivariate rainfall error ﬁelds.
In the third approach, a non-Gaussian v-transformed copula
is applied for multivariate error simulations. Using this type
of copula, one can describe asymmetrical dependencies
through the copula parameters. The models are assessed
based on their ability to generate random error ﬁelds with
statistical attributes that are similar to those of the observed
error estimates. Several case studies are performed over a
relatively small watershed in Mississippi, and a mid-size
watershed in Oklahoma to examine reliability, robustness
and applicability of the models. Both radar reﬂectivity data
(Level II) as well as Stage IV Next Generation Weather Radar
(NEXRAD) multi-sensor precipitation estimates are used as
input to the models.
2. Study area and data resources
2.1. The Little Washita watershed
The Little Washita (LW) watershed, located southwestern
Oklahoma is one of the most highly instrumented watersheds
in the United States and has been the target of remote
sensing, rainfall analysis and climate change research over

the past few decades (e.g., Ciach et al., 2003; Young et al.,
2000; Mohseni and Stefan, 1998). The area of the watershed
is approximately 611 km2 and the surface water drains into
the Little Washita River which is situated between Chickasha
and Lawton and is a tributary of the Washita River.
Hydrological and meteorological variables of the watershed
have been measured in a variety of hydrologic research
projects since the 1930s. The climate of the region is classiﬁed
as moist sub-humid with an average annual rainfall of
approximately 760 mm, and the mean annual temperature
of 16 °C (Elliott et al., 1993). While summers are hot and long
with an average daily high temperature of 34 °C for July,
winters are relatively short and temperate with the average
daily low temperature of −4 °C for January. A more detailed
description of the climate variables of the Little Washita
watershed is provided in Staff and Laboratory (1983) and
Allen and Naney (1991).
The Micronet network, operated by Agricultural Research
Service (ARS), is located within and around the Little Washita
boundaries. The Micronet network includes 42 stations,
almost uniformly distributed throughout the watershed.
The data includes rainfall accumulations, temperature, relative humidity, solar radiation, etc. The Micronet network is
equipped with tipping-bucket gauges that record rainfall data
with a temporal resolution of 5 min and accuracy of
0.254 mm (Young et al. (2000)). The 5 min accumulations
are aggregated to hourly intervals in order to synchronize
the rain gauge measurements with radar estimates. The
reference surface rainfall data are then used to obtain
estimates of the radar rainfall error across the study area.
The differences between the reference surface rainfall data
and the radar estimates are considered and termed as
observed error. Fig. 1(a) shows the location of the watershed
and the position of rain gauges (marked with circle, diamond
and triangle symbols) and radar pixels (approximately
4 km × 4 km grids).
2.2. The Goodwin Creek watershed
The Goodwin Creek (GC) experimental watershed is
located in the north central part of the state of Mississippi
near Batesville, USA. The area of the watershed is approximately 21 km2 with the outlet at latitude 34°13′55″ N and
longitude 89°54′50″ W. The watershed is situated within the
Yazoo River basin and is instrumented for conducting
extensive research on watershed hydrology. Its average
annual rainfall, measured at the climatological station near
the center of the watershed, is 1440 mm. The average daily
maximum temperatures were reported as 30 °C and 10 °C in
summer and winter, respectively. A more detailed review of
the climate variables of the Goodwin Creek watershed is
given in Alonso and Binger (2000).
The main motivation in selecting the Goodwin Creek
experimental watershed is that a dense network of rain gauge
stations is available across the watershed, and one can obtain a
reasonable representation of radar errors and their spatial
dependencies by comparing radar estimates and rain gauge
measurements. The Goodwin Creek watershed is equipped with
a dense network of 29 rain gauges with a temporal resolution of
15 min. The data are collected by the National Sediment
Laboratory of the US Department of Agriculture in Oxford,
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Fig. 1. (a): Little Washita research watershed, Oklahoma, USA; (b) Goodwin Creek watershed, Mississippi, USA.

Mississippi and are available to the public. Instrumentation at
each rain gauge station includes an electronic data acquisition
system that records rainfall and other climatological variables
and transmits the measurements to the National Sediment
Laboratory. Fig. 1(b) shows the position of rain gauges (marked
with circle symbols) and radar pixels (1 km2 grids) across the
watershed.
2.3. Data resources
For the Goodwin Creek watershed, the NEXRAD Level II
reﬂectivity (Z) radar data of the Memphis radar site, recorded
at the National Weather Service (NWS) is used for analysis
(Crum and Alberty, 1993). The radar station is a 1988 Doppler
(WSR-88D), located approximately 110 km from the center
of the watershed. Radar reﬂectivity data are available in polar
coordinates at a resolution of 1° for different elevation angles
starting at 0.5° and with a time sampling interval of 5 to 6 min
in precipitation mode, and 10–12 min in clear air mode. It is
noted that the temporal resolution of the Goodwin Creek
gauge data is 15 min, and thus, the radar rainfall data was
aggregated into 15 min intervals in order to synchronize
radar estimates with rain gauge measurements. Since the
interest is in the surface rainfall information, a regular
1 km × 1 km Cartesian reﬂectivity grid is obtained from the
lowest elevation angle of the polar reﬂectivity beam.
The relationship between radar reﬂectivity factor Z and
rain rate R is approximated by a power law function of the
form (Z/A)1/b where A and b are the multiplicative factor and
exponent of the emphZ–R relationship, respectively. Before
using Level II reﬂectivity data, the Z–R relationship parameters (A and b) are to be estimated ﬁrst. In this study, the
parameters A and b are estimated based on Steiner and Smith
(2000) whereby for a range of b values, A is estimated such
that the overall bias is removed (see Steiner and Smith (2000)
for details).
For the Little Washita watershed, the Stage IV radar-based
multi-sensor precipitation estimates (MPE) available from
NCEP, are used for analysis. The Stage IV data are generated in
near real-time by mosaicking the multi-sensor precipitation
estimates from the National Weather Service (NWS) River

Forecast Centers (RFC). Based on the radar data collected over
the entire Continental United States, the Stage IV data are
provided with a spatial resolution of about 4 km × 4 km
termed Hydrologic Rainfall Analysis Project (HRAP) which is
a national grid system where each pixel corresponds to an
MPE value. The MPE data are obtained from merging
operational radar estimates and automated rain gauge
measurements following quality control and bias adjustment.
It is noted that Stage IV data are calibrated rainfall estimates,
available in rain rates. Therefore, unlike Level II reﬂectivity
data, no transformation function is required to obtain the
actual rain rates. In this study, the Stage IV data with an
hourly temporal resolution is used for analysis. The closest
radar station to the study area is the Oklahoma City
operational radar site which is located approximately 70 km
from the center of the watershed.

2.4. Rainfall events
In order to evaluate the performance of the presented
models, ensembles of rainfall ﬁelds are simulated for a
number of rainfall events over different temporal and spatial
scales. The rainfall events that occurred over the Little
Washita watershed are identiﬁed with LW, whereas the
events that occurred across the Goodwin Creek watershed are
distinguished with GC. The notations, II and IV (in GC1-II,
LW1-IV) refer to the Level II reﬂectivity and Stage IV radar
data, respectively. Stage IV radar data, with the ﬁnest
available temporal and spatial resolutions (1 h, approximately 4 km × 4 km) are processed for simulations. The Level II
reﬂectivity data are used with a spatial resolution of 1 km2
and temporal resolutions of 15 min. Table 1 displays the
summary statistics including mean, standard deviation, 10
and 90% quantiles of the lumped rainfall accumulation for
each storm. Note that for the Goodwin Creek Level II
reﬂectivity rainfall data, the parameters of the Z–R relationship (A and b) are estimated as listed in Table 2. The estimated
parameters ﬁt well within the wide range of values reported
in the literature (Doelling et al., 1998; Smith and Krajewski,
1993; Battan, 1973; Stout and Mueller, 1968; Ulbrich, 1978).
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Table 1
Summary statistics of rainfall accumulations for the selected rainfall events.
Event
ID

Date
Time

LW1-IV
LW2-IV
LW3-IV
LW4-IV
LW5-IV
GC1-II
GC2-II
GC3-II
GC4-II
GC5-II

8/30/03
9/15/05
9/17/06
8/18/07
8/18/08
1/24/02
3/20/02
3/29/02
5/02/02
9/25/02

07:00
06:00
15:00
21:00
10:00
03:30
01:45
23:15
13:45
06:30

Duration
[h:min]

Mean
[mm]

Standard
deviation

Q10
[mm]

Q90
[mm]

12:00
14:00
10:00
27:00
50:00
16:15
19:00
32:15
34:25
31:30

4.3
3.8
10.1
9.3
4.1
10.4
6.9
8.5
9.1
12.3

5.5
4.3
15.5
13.5
5.9
10.4
14.2
15.6
21.9
19.4

0.8
1.0
1.0
1.5
1.4
1.1
1.5
1.1
1.1
1.9

8.8
10.7
22.7
27.1
7.1
19.3
10.6
9.2
21.4
10.3

copula is the most commonly used copula family in practical
application mainly due to its simplicity. The n-dimensional
multivariate Gaussian copula is derived from the multivariate
normal distribution (Nelsen, 2006):


n
n
−1
−1
Cρ ðu1 ; …; un Þ = Φρ Φ ðu1 Þ; …; Φ ðun Þ

ð2Þ

where:
Φnρ
ui

multivariate standard Gaussian distribution function
the ith random vector

whose density function is:




1
1
′
−1
cðu1 ; …; un Þ = pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ exp − yðuÞ ρ −I yðuÞ
2
detρ

3. Methodology
In all the models, the uncertainties associated with rainfall
estimates are described using ensembles of rainfall realizations. The ensembles are generated by imposing an uncertainty term over remotely sensed rainfall estimates (Ri).
Multiple realizations of rainfall data can be obtained by
perturbing the rainfall estimates with multiple uncertainty
ﬁelds. Eq. (1) describes the general model structure:
R s = Ri + Ri × 

ð1Þ

where:
Rs


simulated rainfall ﬁelds
uncertainty component

3.1. G-Model
In this model the Gaussian copula is used to describe the
dependence structure of rainfall uncertainty. The Gaussian
Table 2
Estimated parameters (A and b) of the Z–R relationship.

GC1-II
GC2-II
GC3-II
GC4-II
GC5-II

A
203.1
235.8
205.1
223.9
117.6

where:
y(ui)
det
.′

Φ − 1(ui)
determinant
transpose operation

The Gaussian copula is described with a correlation matrix
ρn × n where n is the number of variables. A detailed description of the model and its application to rainfall simulation is
presented in AghaKouchak et al. (2010b).
3.2. T-Model

The multiplicative error (Ri × ) in the Eq. (1) is deﬁned to
account for the proportionality of rainfall error to the
magnitude of rain rate, reported in previous studies (Ciach
et al., 2007; Habib et al., 2008; Villarini et al., 2009a; Habib et
al., 2009; Villarini et al., 2009b). The importance of error
simulation conditioned on the magnitude of rain rate has
been addressed in numerous studies (e.g., Ciach et al. (2007);
Habib et al. (2008), AghaKouchak et al. (2010c) and
references therein). In the following, three different models,
used for simulation of the rainfall uncertainty (), are
described brieﬂy. Since the focuses of this study is on the
performance assessment of the models, the details of
simulation procedure are not included here. The interested
reader is referred to the original publications discussed later.

Event ID

ð3Þ

b
1.50
1.45
1.45
1.35
1.35

In the T-model, a different elliptical copula family, known
as the t-copula, is used for simulation of multivariate random
error ﬁelds. This model is proposed by AghaKouchak et al.
(2010b) as an alternative to the Gaussian model which does
not have asymptotic dependence behavior. The t-copula
family is based on the Student distribution that can be
expressed as:


n
−1
−1
Cν;ρ ðu1 ; …; un Þ = tν;ρ tν ðu1 Þ; …; tν ðun Þ
where:
tn
ρ
ν

multivariate Student CDF
shape matrix
degrees of freedom

and


ν+n
Γ
1
n
tν;ρ ðxÞ = pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ν 2
detρ Γ
ðπνÞn = 2
2

x1

xn

−∞

−∞

× ∫ …∫

Z–R
1.5

Z = 203.1R
Z = 235.8R1.45
Z = 205.1R1.45
Z = 223.9R1.35
Z = 117.6R1.35

ð4Þ

dx


1+

x′ ρ−1 x
ν

ð5Þ
ðν

+ nÞ = 2

For ν N 2, the shape matrix in Eq. (4) is proportional to the
correlation matrix (Malevergne and Sornette, 2003). The
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density function of the t-copula can be derived as (Malevergne
and Sornette, 2003):

  n−1
ν+n
ν
Γ
1 Γ 2
2
 

cðu1 ; …; un Þ = pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ν+1 n
detρ
Γ
2

ðν + 1Þ = 2
y2k
n
Πk = 1 1 +
ν
× 
ðν + nÞ = 2
y′ ρ−1 y
1+

ð6Þ

ν

where:
tν− 1(uk)
univariate Student distribution with ν degrees of
freedom
transpose operation

yk
tν
.′

The G-model and T-model are both based on elliptical
copulas (Gaussian- and t-copula). However, they are significantly different with respect to their tail dependence. In
subsequent sections, the issue of tail dependence is discussed
in detail.
3.3. V-Model
This model is introduced by AghaKouchak et al. (2010a)
for conditional and unconditional simulation of radar error
ﬁelds. Unlike the previous two models, the V-model is based
on a non-Gaussian copula family known as the v-transformed
copula (Bárdossy and Li, 2008) which is obtained through a
non-monotonic transformation of the multivariate Gaussian
copula. Let N be an n-dimensional normal random variable
with a mean of zero, unit standard deviation and correlation
matrix ρ. The v-transformed copula is obtained by the
following transformation of the multivariate Gaussian distribution (Bárdossy and Li, 2008):

Xi =

kðNi −mÞ
m−Ni

ifNi ≥m
ifNi bm

ð7Þ

where:
k and m copula parameters
i
the ith variable
In this model, the univariate marginal of Xi can be
described as (Bárdossy and Li, 2008):
x

+ m −Φð−x + mÞ
F ð xÞ = Φ
k

ð8Þ

with the density function of the v-transformed copula being:
f ðxÞ =


1 x
φ
+ m + φð−x + mÞ
k k

ð9Þ

In Eqs. (8) and (9), the term Φ denotes the standard
normal distribution and φ is the probability density function
of the normal distribution.
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4. Application of models
The details of parameter estimation techniques used in the
above mentioned models are explained in AghaKouchak et al.
(2010a) and AghaKouchak et al. (2010b). Therefore, only a
brief overview is given. The parameters are estimated based
on the observed error values deﬁned as the differences
between ground reference rainfall measurements and radar
estimates. As shown in Eqs. (2), (4) and (7), the correlation
matrix ρn × n, where n is the dimension of the copula, is to be
estimated ﬁrst.
In this study, following Bárdossy and Li (2008), the
correlation matrix is deﬁned as a parameter dependent on
different distance vectors of d: ρij = ξ(xi − xj). The function
ξ(d) denotes a positive-deﬁnite correlation function such as a
correlation function corresponding to the spherical variogram. The parameters of the deﬁned two-spherical function
include the sills (s1 and s2), ranges (r1 and r2) and nugget
parameter (s0). The model parameters are then estimated as
described in AghaKouchak et al. (2010a). Table 3 lists the
model parameters of the spherical function for the selected
rainfall events (G-model). The function is then employed to
obtain the correlation matrix.
For the T-model, the degrees of freedom (ν, see Eq. (4)) are
estimated using the Inference Function for Margins (IFM)
method (Joe, 1997; McLeish and Small, 1988). Table 4 lists the
degrees of freedom for each rainfall event based on the longterm seasonal data (see AghaKouchak et al. (2010b) for details).
For the case of the V-model, two additional model parameters k
and m (Eq. (7)) are to be estimated. These two parameters are
used to transform the multivariate Gaussian copula to the vtransformed copula. Following Bárdossy and Li (2008), the
parameters are estimated using the maximum likelihood
method whereby the likelihood function consists of the product
of multiple likelihood functions obtained from disjoint subsets
of data. Table 4 gives the parameters (k and m) of the vtransformed copula for the selected rainfall events.
In the following, the copula-based models (G-model,
T-model and V-model) are used to simulate multivariate
uniform random error ﬁelds. In all models, the empirical
cumulative distribution function (CDF) of the observed error is
applied to simulated ﬁelds using the Sklar Theorem (see Nelsen
(2006) for a detailed review). Using this method, the CDFs of the
simulated error ﬁelds will be similar to those of the observed
error values. It is worth remarking that copulas are invariant to
monotonic transformations and thus the dependence structure
of a simulated ﬁeld does not change by applying the empirical
Table 3
The parameters of the spherical function (G-model).
Event ID

s0

s1

s2

r1 [m]

r2 [m]

LW1-IV
LW2-IV
LW3-IV
LW4-IV
LW5-IV
GC1-II
GC2-II
GC3-II
GC4-II
GC5-II

0.04
0.06
0.01
0.02
0.09
0.07
0.01
0.01
0.01
0.05

0.11
0.13
0.19
0.22
0.26
0.29
0.25
0.25
0.25
0.11

0.31
0.39
0.41
0.52
0.33
0.29
0.42
0.42
0.42
0.38

3100
4000
4300
3700
4400
3600
2200
2200
2200
2400

14,500
13,000
14,500
17,500
12,000
7500
6000
6000
6000
7000
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Table 4
The parameters of the t- and v-copula.
Event ID

ν

k

m

LW1-IV
LW2-IV
LW3-IV
LW4-IV
LW5-IV
GC1-II
GC2-II
GC3-II
GC4-II
GC5-II

3.1
3.8
3.5
3.3
2.6
2.5
2.7
2.7
2.7
2.1

1.2
0.9
1.0
2.1
1.6
1.0
1.1
1.1
1.1
1.4

2.0
3.1
1.5
3.8
1.4
2.2
2.6
2.6
2.6
1.9

CDF of the observed error. In fact, this is one of the most
attractive features of copulas. Using the presented models,
multiple random error ﬁelds are simulated and imposed over
radar estimates in order to obtain an ensemble of rainfall
realizations. Fig. 2(a) shows a radar rainfall ﬁeld which occurred
during rainfall Event LW1-IV. Fig. 2(b) to (d) presents
the simulated rainfall ﬁelds using the G-model, T-model and

V-model, respectively. Fig. 2(e) to (t) displays the examples of
the observed and simulated radar ﬁelds for Events LW2-IV to
LW5-IV. Similar ﬁgures for the rainfall events GC1-II to GC5-II
are provided in Fig. 3(a) to (t). In the ﬁgure, the second
to the fourth columns show simulated ﬁelds obtained using the
G-model, T-model and V-model, respectively.
In this study the estimated uncertainty is described through
an ensemble of rainfall estimates. The following ﬁgure displays
the results of using the G-, T- and V-models for simulation of
rainfall ensembles for the selected events. Fig. 4(a) to (c)
presents the radar realizations and simulated rainfall ensembles (500 realizations) over one radar pixel (the square-marked
pixel shown in Fig. 1) for rainfall Event GC1-II. Fig. 4(d) to (o)
displays rainfall ensembles over the same radar pixel for Events
GC2-II, GC3-II, GC4-II and GC5-II. In the ﬁgures, the solid black
lines show radar estimates, whereas the gray lines represent
simulated rainfall realizations over the length of the storm. As
shown, the simulated ensembles are realistic with respect to
the initial rainfall estimates.
The generated ensembles can be examined for systematic
biases using rank histograms (Talagrand) that are generated

Fig. 2. LW events: radar-based rainfall estimates (1st column). Simulated rainfall using G-model (2nd column); T-model (3rd column) and V-model (4th column).
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Fig. 3. GC events: radar-based rainfall estimates (1st column). Simulated rainfall using G-model (2nd column); T-model (3rd column) and V-model (4th column).

by tallying the rank of the observations with respect to values
from the simulated ensemble sorted from the lowest to
highest (Hamill, 2001). Using rank histograms, one can
determine the reliability of ensembles through diagnosing
consistent errors in the mean and variability of the ensembles. The approach checks where the observations fall with
regard to the simulated ensembles. In a Talagrand diagram, a
uniform (ﬂat) histogram indicates a uniform variability over
different quantiles (Talagrand et al., 1997). A sloped rank
histogram implies the presence of systematic biases in the
generated ensembles. Further, lack of variability (ensemble
spread too narrow) and excess of variability (overpopulated
middle ranks — ensemble spread too large) will result in a Ushaped, and Dome-shaped, respectively (Hamill, 2001). Fig. 5
displays the rank histograms of the generated ensembles
using G-, T- and V-models (20 bins). As shown, no systematic
biases (sloped, U-shaped or overpopulated middle ranks) can
be recognized from the histograms shown in Fig. 5. It is noted
that a ﬂat Talagrand diagram does not necessarily specify a
perfect ensemble with respect to uncertainty bound, it only
indicates whether the probability distribution of observations

is well represented by the generated ensemble (Hamill,
2001).
The generators are validated with different numbers of
ground reference stations to ﬁnd out if the estimated
uncertainty encloses the rain gauge measurements when
less numbers of gauges were available. This issue is
investigated quantitatively by counting the number of time
steps (nout in %) where the ground reference measurements
did not fall within the estimated uncertainty. Fig. 6 displays
the nout values when: (a) all gauges; (b) 50% of the gauges
(marked with triangles and diamonds in Fig. 1); and (c) 12%
of LW (25% of GC) gauges (marked with diamonds in Fig. 1)
are used for simulations. One can see that when all gauges are
included, the simulated uncertainty for the Little Washita
rainfall events (LW1-IV to LW5-IV) encompass the rain gauge
estimates entirely. For the Goodwin Creek events (GC1-II to
GC5-II), however, the gauge measurements do not fall in the
estimated ensemble in few time steps (most are less than 1%)
mainly resulting from: (a) the Little Washita data are multisensor radar estimates that are expected to be in better
agreement with rain gauge measurements; and (b) the
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Fig. 4. Rainfall ensembles (500 realizations) simulated using G-model (1st column); T-model (2nd column) and V-model (3rd column) over the square-marked
pixel in Fig. 1.

temporal resolution of the Goodwin Creek rainfall events are
higher, which indicates higher temporal variability, and hence
more signiﬁcant discrepancy between radar estimates and
gauge measurements. By reducing the number of reference
stations to 50%, nout is slightly increased (most remain less than
2%). It is pointed out that as the number of gauges decreases, the
sample size of the observed error decreases. This may, but not
necessarily, result in a smaller range of error (the difference
between minimum and maximum errors). One can intuitively
conclude that any change in the error range, and thus the
empirical distribution of error, will affect the estimated
uncertainty. The ﬁgures indicate that reducing the number of
gauges results in an increase in the value of nout. Nonetheless,
with a few rain gauges available, the simulated ensembles
obtained from the presented models, enclose approximately
93% to 96% of the ground reference measurements. It is also
noted that the values of nout for the t-copula and v-copula
models are similar, and both are slightly better than the
Gaussian copula model. Veriﬁcation of the 95% conﬁdence
bounds for the number of time steps that the estimated
uncertainty did not enclose the rain gauge measurements is
also provided. Fig. 7(a) plots the nout(%) values when all gauges
are included. Fig. 7(b) and (c) shows similar graphs when 50%
of the gauges and 12% of LW (25% of GC) gauges are used for
simulations, respectively. The 95% conﬁdence bounds conﬁrm
that when all gauges are included, the nout remains under 3%

(see Fig. 7(a)). Even by reducing the gauges to 5, the generated
ensembles encompass more than 90% of the ground-based
measurements (see Fig. 7(c)).
5. Discussion and concluding remarks
In the following, the presented models are compared in more
detail with respect to their statistical properties. The ﬁtted
models are tested using cross validation (Picard and Cook, 1997;
Efron and Tibshirani, 1990) which describes how well a copula
ﬁts the available observations. Fig. 8 displays the results of
repeated random sub-sampling cross validation (mean absolute
error estimator, mm/h, MAE = 1 = n∑ni = 1 Si −Oi ; Si: simulated; Oi: observed; and n: number of pairs) for the models when:
(a) all gauges; (b) 50% of the gauges; and (c) 12% of LW (25% GC)
rain gauges are used in the analysis. One can see that in Fig. 8(a)
and (b), the differences between the MAE values are not
considerable. However, as the number of rain gauges reduces,
the differences become signiﬁcant. In Fig. 8(c), where 12% of LW
(25% GC) gauges are used, the MAE values for the t-copula model
are less than the Gaussian and v-copula models. Furthermore,
the MAE for the v-copula model is found to be less than the
Gaussian copula particularly in Fig. 8(c). In terms of the copula
ﬁt, the ﬁgures indicate that the t-copula family ﬁts better to the
observations; however, this case may not be generalized, as the
choice of copula family is known to be problem dependent.
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Fig. 5. Example rank histograms (Talagrand diagrams) of the generated ensembles.

Fig. 6. The number of time steps, nout (%), that the estimated uncertainty did not encompass the rain gauge measurements: (a) all gauges; (b) 50% of the gauges;
and (c) 12% of LW (25% of GC) gauges.
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Fig. 7. Veriﬁcation of the 95% conﬁdence intervals for the number of time steps, nout (%), that the estimated uncertainty did not encompass the rain gauge
measurements: (a) all gauges; (b) 50% of the gauges; and (c) 12% of LW (25% of GC) gauges.

Copula families are different with respect to the detail of
the dependence they represent. For example, the Gaussian
and t-copulas are both elliptical; however, they represent
different tail dependence, which describes the signiﬁcance of

the dependence in the lower left quantile or upper right
quantile of a multivariate distribution function. The upper tail
expresses the probability of occurrence of positive large
values at multiple locations jointly. This study addresses the

Fig. 8. The results of cross validation (MAE estimator).
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capability of the presented models to simulate the number of
joint occurrences above the 90th percentile threshold. Fig. 9
plots the error (%) in the number of extreme occurrences
above the 90th percentile threshold with respect to the
number of extreme in observations. As shown, the T-model
(dashed line) and V-model (solid line) exhibit less error in
the number of extreme occurrences. The ﬁgure also indicates
that the t-copula model shows a slightly lower error. It is
remarkable that the asymptotic independence characteristics
of the Gaussian copula (G-model) result in less occurrence of
extremes than the other two models. Therefore, when
simultaneous extremes are considered, the T- or V-model is
preferred over the G-model.
For practical applications, the simulation time could be an
important factor, particularly, if simulation in real-time is
required. Among the presented models the V-model is
computationally more demanding mainly due to its parameter estimation. Therefore, the simulation time for the Vmodel is signiﬁcantly longer than the others. The G-model is
faster than the V- and T-models. Notably, T-model is not
much slower than the G-model.
The aim of this study is to contribute to ongoing research
regarding the uncertainty of remotely sensed rainfall estimates by using ensemble simulation. Three different copulabased models are assessed based on their performance in
simulation of rainfall ensembles. The simulation methods
include a Gaussian copula model (G-model), a t-copula-based
approach (T-model) and a non-Gaussian v-copula model (Vmodel). In all the models, having described the dependencies
using copulas, the empirical distribution function of observed
rainfall error is numerically approximated and applied to the
simulated error ﬁelds. In terms of their distribution functions,
the resultant simulated realizations are similar to those of the
observed. Furthermore, the results indicate that the presented models are quite similar with respect to the
dependence structure. However, using the T-model may
have signiﬁcant advantages over the other models, particularly with respect to extremes.
The cross validation analysis showed that the t-copula
family ﬁts the observations better than the other models.
Nevertheless, it is often more advantageous to substitute a
complex copula that ﬁts the data better with a simple and
practical copula. Provided that the effects of this substitution
can be quantiﬁed, one may opt to use a simple copula that
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provides a sufﬁciently good statistical approximation of the
actual copula (e.g., Gaussian copula) rather than a more
sophisticated copula family (e.g., t-copula). In principle, the
choice of copula family is based on the empirical evidence as
well as the technical constraints, such as the number of
parameters essential to describe the copula. Furthermore, the
issue of choosing a copula family may be considered problem
dependent, and therefore cannot be simply generalized. The
analyses showed that with respect to the simulation time and
the width of the estimated uncertainty the E-model is the
most practical. Overall, the t-copula and random error models
seem to be promising for future in-depth research. Nonetheless, all the presented models are able to simulate rainfall
ensembles with similar statistical characteristics to those of
the ground reference measurements.
As explained in AghaKouchak et al. (2010a), the temporal
autocorrelation of error was assumed to be negligible. Other
studies (e.g., Habib et al., 2008) conﬁrm that the temporal
autocorrelation of rainfall error is rather low at the ﬁrst time
lag and nearly zero for larger time lags. Since in the presented
models, rainfall is perturbed with simulated error ﬁelds the
underlying temporal autocorrelation of rainfall will be to
some extent carried forward to the simulated ﬁelds (see
AghaKouchak et al. (2010a) for details). It is noted that other
studies (over different locations and/or resolutions) found
that the temporal correlation of the random component of
the radar rainfall uncertainties might be signiﬁcant (e.g.,
Ciach et al., 2007; Germann et al., 2009; Villarini and
Krajewski, 2010b). The presence of a signiﬁcant temporal
autocorrelation may affect the simulated ensembles. Further
research is necessary to evaluate the sensitivity of the model
outputs to temporal autocorrelation of error.
It is highlighted that these models are designed to
describe the stochastic sources of uncertainty (random
error) associated to remotely sensed rainfall estimates. The
models are not meant to account for systematic errors and
physical biases. In fact, systematic and physical errors should
be corrected/removed before applying the presented models.
One limitation of the models is that unrepresentative error
observations may affect the quality of simulated error ﬁelds
especially at high temporal resolutions. It is recognized that
erroneous observations, point-area effects and representativeness errors, among others may be signiﬁcant. Ideally,
more than one gauge per pixel should be available for reliable

Fig. 9. Error (%) in the number of extreme occurrences for the models above the 90th percentile threshold.
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estimates of error. We acknowledge that such effects may
have some effects on the quality of ensembles. Testing the
effects of representativeness error and erroneous/insufﬁcient
observations require large data samples that are not typically
available. Another limitation of the models is the potential
effects of zero-rainfall on correlation matrices, when rainfall
spatial structure is considerably smaller than the simulation
domain. The effect of zero-rain values may be minimized by
applying the models to small scales (small to mid-size
watersheds).
It is expected that the developed models and the results of
this research can be used to assess the uncertainties
associated with radar-based rainfall estimates. Such models
may also provide the required tools to investigate error
propagation in modeling hydrologic processes and give the
ability to analyze the uncertainty of hydrologic models
resulting from input rainfall uncertainty. Furthermore, using
ensemble analysis instead of a single realization, one can
evaluate ﬂood prediction uncertainty and its associated risks
for a given precipitation by using an ensemble of precipitation
estimates.
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